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ABSTRACT
In this dissertation is presented a collection of papers focusing on enhancing the
efficiency of integral equation solutions of antennas. A method of incorporating net-
work principles into the method of moments is developed. Scattering parameters
are determined for two structures: a coaxial-guide/radial-guide junction present in
coaxial feeds of monopole and dipole antennas, and a folded coaxial guide junction
proposed as part of an inductive load below the feed of the antenna. There is excellent
agreement among the data obtained from the proposed method, independent MoM
solutions not incorporating network principles, and measurements. An investigation
into electrically switching a folded coaxial guide to tune an antenna is made. Approx-
imations for incorporating the electrical switching into the method of moments are
suggested. There is discussion of genetic optimization of an antenna design utilizing
a MoM solution incorporating network principles.
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CHAPTER 1
OVERVIEW
The goal of the study reported in this dissertation is to develop and present tech-
niques to reduce the cost of utilizing genetic optimization in the design of broadband
and tuned antennas. Microwave networks are developed to accomplish the coupling of
the field in one region of a structure to another so that the coupled integral equation
associated with the coupling in the analysis can be eliminated (Chapters 2 and 3).
The elimination of a coupled integral equation results in a reduction of computing
and communication costs. This approach is shown to be effective while reducing the
accuracy of a MoM solution negligibly. Placing a switched, folded coaxial guide cavity
is proposed to realize an electrically tuned, frequency hopping antenna (Chapter 4).
The possible difficulties in modeling the switched, folded coaxial guide are investi-
gated. It is found that over a range of frequencies, two simple models of the switched,
folded guide’s junction are practical. Two networks are integrated into the analysis
of a cylindrical monopole antenna that is undergoing optimization (Chapter 5). The
integration of networks is shown to reduce the computation required.
CHAPTER 2
ENHANCEMENT OF EFFICIENCY OF INTEGRAL EQUATION SOLUTIONS
OF ANTENNAS BY INCORPORATION OF NETWORK PRINCIPLES - PART I
Monopole and dipole antennas have been of interest for many years [1]-[5]. More
recently, attention has turned to accurate feed models for these antennas [6]. Modeling
the feed more accurately leads to very useful practicable knowledge of the antenna’s
input properties but incurs an increase in the overall costs of computing a solution:
CPU time, processing power, and memory use. These costs result from the need to
solve several coupled integral equations rather than a single integral equation. If the
antenna were to be loaded, for instance with tuned cavities or ferrites, and optimized,
the additional cost is compounded. Thus, an increase in the efficiency of the solution
method is highly desirable.
To enhance the efficiency of the solution method, the incorporation of network
methods into a method of moments analysis, as in [7], is examined. If the end result
of the coupling of the field in one region of a structure to that in another can be
accomplished by a network, then the (coupled) integral equation associated with the
coupling in the analysis can be eliminated. When a coupled integral equation is
eliminated, there is a reduction in the memory required to store the system matrix,
as well as in CPU time not expended to compute the additional coupling terms and
to invert a larger matrix.
2.1 Analysis
A coaxially-fed, cylindrical monopole antenna above an infinite ground plane is
depicted in cross section in Figure 2.1. In the monopole, the coaxial feed line cou-
ples to the excitation aperture via a parallel plate guide, which in the cylindrical
structure is viewed as a radial waveguide. Given the input incident TEM field, one
can determine the current on the surface of the antenna Iz and the input reflection
coefficient Γ in the coaxial feed line at a measurement port by deriving and solving
three coupled integral equations for Iz and the two aperture electric fields Ea and
Eb. It is proposed to model the junction of the coaxial and radial guides in the feed
of the antenna by a 2-port network, eliminating one unknown Eb and an equation,
thereby reducing the complexity and resources needed for determining Iz and Γ. The
coaxial-guide/radial-guide junction and the dimensions of the antenna are identified
in Figure 2.2. While coaxial and radial guides can be analyzed as wave guiding
structures [8][9] or alternately as uniform and non-uniform transmission lines [10][9],
respectively, the junction of the two guides results in a system that requires further
analysis than what is required for characterizing either guide alone. In the literature,
different models of the junction between a radial line and a coaxial line are proposed.
Harrington uses variational methods to approximate the input impedance seen by the
coaxial guide loaded with a matched radial guide [11]. Williamson develops lumped
element equivalent (approximate) models for a number of structures involving differ-
ent kinds of coaxial-guide/radial-guide junctions [12][13]. A modal-expansion method
3
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Figure 2.1: Cylindrical monopole antenna fed by coax
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Figure 2.2: Cylindrical monopole fed by coaxial line with dimensions and the coaxial-
guide/radial-guide junction identified
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is used by Shen et al. to analyze a coaxial-guide/radial-guide junction loaded with a
circular disk [14].
In this paper the authors outline the steps to integrate network principles into
a MoM analysis. Scattering parameters are determined for the coaxial-guide/radial-
guide junction from the solution of an integral equation for the aperture electric field
where the guides intersect. The input reflection coefficient for a radial guide driven
cylindrical monopole antenna is determined from the solution of a set of coupled
integral equations. The coaxial-guide/radial-guide junction is loaded by the com-
puted reflection coefficient to determine an overall reflection coefficient which is then
compared to measured data and to data calculated from a set of coupled integral
equations not incorporating network principles.
It is important to note that the use of network analysis to increase the efficiency
of integral equation solutions is not limited to coaxial-guide/radial-guide junctions
or the feed region of the antenna specifically. Such efficiency gains can be realized
wherever the effects of a coupled integral equation can be replaced by a network. The
analysis presented herein is limited to the case that the structure is operated below
the cutoff frequencies of the waveguides.
2.1.1 2-Port Network for Coaxial-Guide/Radial-Guide Junction
In this section, a 2-port network for the coaxial-guide/radial-guide junction shown
in Figure 2.3 is developed. Expressions for the total magnetic field in each guide are
6
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Figure 2.3: Coaxial-guide/radial-guide junction
derived and an integral equation in terms of the aperture electric field EAρ is obtained.
Scattering parameters are determined from the solution of the integral equation for
EAρ . The incident TEM waves in the coaxial and radial guides are, respectively,
Ei−cρ =
Ec0
ρ
e−jkcz, H i−cφ =
Ec0
ηcρ
e−jkcz (2.1)
7
and
Eiz = −E0H(1)0 (krρ) , H iφ = −j
E0
ηr
H
(1)
1 (krρ) (2.2)
in which kc = ω
√
µcc, ηc =
√
µc/c, kr = ω
√
µ and ηr =
√
µ/. E0 and E
c
0
are the magnitudes of the incident waves in each guide.
Magnetic Field in Coaxial Guide
The magnetic field in the coaxial guide Hcφ can be written in terms of the short-
circuit magnetic field and aperture field EAρ as [15]
Hcφ(ρ, z) = H
sc−c
φ (ρ, z) +
∫ ρ2
ρ1
EAρ (ρ
′)Gc(ρ, z; ρ′, 0)dρ′ (2.3)
in which the short-circuit magnetic field is
Hsc−cφ (ρ, z) =
2Ec0
ηcρ
cos(kcz) (2.4)
and where
Gc(ρ, z; ρ′, z′) = − 1
ηcρ ln
ρ2
ρ1
ejkcz − ρ′kc
ηc
∞∑
q=1
1
kzqN 2q
dΦq(ρ
′)
dρ′
dΦq(ρ)
dρ
ejkzq z (2.5)
Φq(ρ) = N0(ktqρ1)J0(ktqρ)− J0(ktqρ1)N0(ktqρ) (2.6)
in which ktq , q = 1, 2, 3, . . ., is the q
th root of Φq(ρ2) = 0
kzq =

√
k2 − k2tq , k2 > k2tq
−j
√
k2tq − k2 , k2 < k2tq
(2.7)
and
N 2q =
ρ22
2
([
d
dρ
Φq(ρ)
]
ρ=ρ2
)2
− 2
pi2
. (2.8)
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Magnetic Field in Radial Guide
The magnetic field Hφ in the radial guide can be written in terms of the incident
TEM wave (2.2) and the aperture electric field EAρ as
Hφ(ρ, z) = H
sc
φ (ρ, z)−
∫ ρ2
ρ1
EAρ (ρ
′)G(ρ, z; ρ′, 0)dρ′ (2.9)
where the short-circuit magnetic field is
Hscφ = −j
E0
ηr
[
H
(1)
1 (krρ)−
H
(1)
0 (krρ1)
H
(2)
0 (krρ1)
H
(2)
1 (krρ)
]
(2.10)
and where the Green’s function in the radial guide is written
G(ρ, z; ρ′, z′) =

gh(ρ, z; ρ′, z′) + g+(ρ, z; ρ′, z′), ρ > ρ′
gh(ρ, z; ρ′, z′) + g−(ρ, z; ρ′, z′), ρ < ρ′
(2.11)
in which g+ and g− are the particular solutions of the scalar Helmholtz (Green’s
function) equation in the radial guide and gh is the homogeneous solution that forces
the Green’s function to satisfy the boundary condition that ∂
∂ρ
(ρG) = 0, at ρ =
ρ1 for z ∈ (0, s2−s1) on the conducting post in the radial guide, shown in Figure 2.3.
Expressions for the particular solutions are [16]
g+ =− pi
4
krρ
′
ηr (s2 − s1)H
(2)
1 (krρ)H
(1)
1 (krρ
′)
− pi
2
krρ
′
ηr (s2 − s1)
∞∑
q=1
H
(2)
1 (γqρ)H
(1)
1 (γqρ
′)gq(z; z′),
ρ > ρ′ (2.12a)
9
and
g− =− pi
4
krρ
′
ηr (s2 − s1)H
(2)
1 (krρ
′)H(1)1 (krρ)
− pi
2
krρ
′
ηr (s2 − s1)
∞∑
q=1
H
(2)
1 (γqρ
′)H(1)1 (γqρ)gq(z; z
′),
ρ′ > ρ > ρ1 (2.12b)
where gq(z; z
′) = cos qpi
(s2−s1)z cos
qpi
(s2−s1)z
′ and
γq =

√
k2 −
(
qpi
s2−s1
)2
, k2 >
(
qpi
s2−s1
)2
−j
√(
qpi
s2−s1
)2
− k2 , k2 <
(
qpi
s2−s1
)2 .
The necessary homogeneous solution is found to be
gh(ρ, z; ρ′, z′) =
pi
4
krρ
′
ηr (s2 − s1)
H
(1)
0 (krρ1)H
(2)
1 (krρ
′)
H
(2)
0 (krρ1)
H
(2)
1 (krρ)
+
pi
2
krρ
′
ηr (s2 − s1)
∞∑
q=1
H
(1)
0 (γqρ1)H
(2)
1 (γqρ
′)
H
(2)
0 (γqρ1)
H
(2)
1 (γqρ) gq(z; z
′). (2.13)
Integral Equation
In their respective regions, Hφ and H
c
φ of (2.9) and (2.3) satisfy all conditions of
electromagnetics: Maxwell’s equations, boundary conditions, and the outward wave
condition. An integral equation in terms of EAρ is formed by forcing the tangential
field components in the aperture to be continuous. The electric field is continuous
automatically due to the way Hφ and H
c
φ are computed from E
A
ρ , which is common
to the two regions. Continuity of the magnetic field in the aperture is enforced by
10
the requirement that limz↑0Hcφ(ρ, z) = limz↓0Hφ(ρ, z) for ρ ∈ (ρ1, ρ2), which leads to∫ ρ2
ρ1
EAρ (ρ
′)Gc(ρ, 0; ρ′, 0)dρ′ +
∫ ρ2
ρ1
EAρ (ρ
′)G(ρ, 0; ρ′, 0)dρ′
= Hscφ (ρ)−Hsc−cφ (ρ), ρ ∈ (ρ1, ρ2). (2.14)
Equation (2.14) is solved for EAρ by typical numerical methods: the function ρE
A
ρ (ρ)
is expanded in terms of piecewise constant pulses and the resulting equation is point
matched. Acceleration of the series in (2.5), (2.12) and (2.13) is required to achieve
sufficient numerical efficiency and accuracy. Numerical details for (2.5) and (2.12)
can be found in [15] and [16], respectively, and, for (2.13), in the appendix. From
knowledge of EAρ , determined by solving (2.14), one can compute the electromagnetic
field in both guides by standard techniques.
Network Equations
Since both guides support TEM fields, unique voltages can be identified so one
can conveniently define scattering parameters in terms of traveling voltages in the
two guides:
S11 =
V r1 (−s3)
V i1 (−s3)
∣∣∣∣
V i2=0
S21 =
V r2 (ρ3)
V i1 (−s3)
∣∣∣∣
V i2=0
S12 =
V r1 (−s3)
V i2 (ρ3)
∣∣∣∣
V i1=0
S22 =
V r2 (ρ3)
V i2 (ρ3)
∣∣∣∣
V i1=0
. (2.15)
V rn and V
i
n denote reflected and incident voltages at port n, and z = −s3 and ρ = ρ3
are the locations of reference surfaces of port 1 in the coaxial guide and port 2 in the ra-
11
dial guide, respectively. From (2.1) and (2.2), one finds that V i1 (−s3) = Ec0 ln ρ2ρ1 ejkcs3
and V i2 (ρ3) = (s2 − s1)E0H(1)0 (krρ3). In the above expressions, ρ3 ≥ ρ2 and s3 ≥ 0.
The scattering parameters (2.15) are
S11 = e
−j2kcs3
{
−1 + 1
Ec0 ln
ρ2
ρ1
∫ b
a
EAρ (ρ
′)dρ′
}
, (2.16)
S12 =
1
(s2 − s1)E0H(1)0 (krρ3)
e−jkcs3
∫ b
a
EAρ (ρ
′)dρ′, (2.17)
S22 =
H
(2)
0 (krρ3)
H
(1)
0 (krρ3)
·
{[
−1− j pikr
4
1
(s2 − s1)E0
∫ b
a
EAρ (ρ
′)H(2)1 (krρ
′) ρ′dρ′
]
H
(1)
0 (krρ1)
H
(2)
0 (krρ1)
+j
pikr
4
1
(s2 − s1)E0
∫ b
a
EAρ (ρ
′)H(1)1 (krρ
′) ρ′dρ′
}
, (2.18)
and
S21 = −j e
−jkcs3
Ec0 ln
ρ2
ρ1
pikr
4
H
(2)
0 (krρ3)
{
H
(1)
0 (krρ1)
H
(2)
0 (krρ1)
∫ b
a
EAρ (ρ
′)H(2)1 (krρ
′) ρ′dρ′
−
∫ b
a
EAρ (ρ
′)H(1)1 (krρ
′) ρ′dρ′
}
. (2.19)
2.1.2 Radial-Guide-Fed Cylindrical Monopole Antenna
When the coupling of the field in the coaxial-guide/radial-guide junction is ac-
counted for by a 2-port network, one considers the cylindrical monopole antenna in
Figure 2.2 to be driven by a matched radial guide (Figure 2.4). The aperture be-
tween the radial guide and the exterior region is shorted and a φ-directed band of
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unknown magnetic surface current Mφ(z) is placed on either side of the short[17]-[19].
To complete the exterior equivalent model, a z-directed equivalent electric current Iz
is placed on the surface of the monopole and image theory is employed to remove
the ground plane as suggested in Figure 2.5. The TEM wave incident on the shorted
aperture in the radial guide is
Eiz = −Er0H(2)0 (krρ) , H iφ = −j
Er0
ηr
H
(2)
1 (krρ) . (2.20)
Magnetic Field in Radial Guide
The magnetic field Hφ in the radial guide can be written in terms of the incident
TEM wave (2.20) and the magnetic surface current −Mφ(z) as
Hrφ(ρ, z) = H
sc−r
φ (ρ, z)−
∫ s2−s1
0
Mφ(z
′)G (ρ, z; ρ4, z′) dz′
, ρ ∈ (ρ3, ρ4), z ∈ (0, s2 − s1) (2.21)
in which the short-circuit magnetic field is
Hsc−rφ = −j
Er0
ηr
[
H
(2)
1 (krρ)−
H
(2)
0 (krρ4)
H
(1)
0 (krρ4)
H
(1)
1 (krρ)
]
(2.22)
and the Green’s function is
G (ρ, z; ρ, z′) = g− (ρ, z; ρ, z′) + gh (ρ, z; ρ, z′) . (2.23)
g− is the same as in (2.12b). Equation (2.12a) is omitted because the magnetic field is
computed only in the region ρ < ρ′ = ρ4. A homogeneous solution (different from
13
EizMφ -Mφ
Iz
Figure 2.4: Radial guide driven monopole with shorted feed aperture and rings of magnetic
current
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z = 0
z = s2
z = -s2
z = h
Iz(z)
Mφ
Miφ
z = -h
z = s1
z = -s1
Iiz(z)
Figure 2.5: Exterior region equivalent model
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gh of (2.13)) of the scalar Helmholtz equation is necessary to satisfy the boundary
condition that ∂
∂ρ
(ρG) = 0, at ρ = ρ4 for z ∈ (0, s2 − s1) on the shorted aperture:
gh(ρ, z; ρ′, z′) =
pi
4
krρ
′
ηrs1
H
(1)
1 (krρ
′)H(2)0 (krρ4)
H
(1)
0 (krρ4)
H
(1)
1 (krρ)
+
pi
2
k2rρ
′
ηrs1
∞∑
q=1
H
(1)
1 (γqρ
′)H(2)0 (γqρ4)
H
(1)
0 (γqρ4)
H
(1)
1 (γqρ) gq(z; z
′). (2.24)
Coupled Integral Equations for Radial-Guide-Fed Cylindrical Monopole Antenna
Two coupled integral equations are formulated with Iz and Mφ as the unknowns.
The first equation forces the z-directed component of the electric field on the surface
of the cylindrical surface of Figure 2.5 to be zero
EIzz + E
Iiz
z + E
Mφ
z + E
M iφ
z = 0, ρ = ρ4, z ∈ (0, h) (2.25)
where EIzz , E
Iiz
z , E
Mφ
z and E
M iφ
z are the electric field components due to Iz and Mφ and
their images, respectively. In the second equation, the φ-directed component of the
magnetic field is made to be continuous through the now shorted aperture
Hrφ = H
Iz
φ +H
Iiz
φ +H
Mφ
φ +H
M iφ
φ (2.26)
where Hrφ is defined as in (2.21), and H
Iz
φ , H
Iiz
φ , H
Mφ
φ , and H
M iφ
φ are the magnetic field
components due to Iz and Mφ and their images, respectively. Expressions for E
Iz
z ,
E
Iiz
z , E
Mφ
z , E
M iφ
z , H
Iz
φ , H
Iiz
φ , H
Mφ
φ and H
M iφ
φ are given in [6]. The coupled equations
(2.25) and (2.26) are solved for Iz and Mφ by typical numerical methods in which Iz
and Mφ are expanded in piecewise linear functions and piecewise continuous pulses,
respectively. The resulting equation corresponding to (2.25) is pulse tested and the
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equation associated with (2.26) is point matched. Details of accelerating the series
contained in (2.12b) and (2.24) to achieve sufficient numerical efficiency and accuracy
can be found in the appendix.
The reflection coefficient of the radial-guide-fed cylindrical monopole antenna, as
seen from ρ3 in the radial guide, is expressed in terms of Mφ as
ΓL =
V r|ρ=ρ3
Er0 (s2 − s1)H(2)0 (krρ3)
(2.27)
where
V r|ρ=ρ3 =− Er0 (s2 − s1)
H
(2)
0 (krρ4)
H
(1)
0 (krρ4)
H
(1)
0 (krρ3)
+ j
pi
4
krρ4H
(1)
0 (krρ3)
∫ s2−s1
0
Mφ(z
′)dz′
·
(
H
(2)
1 (krρ4)−
H
(1)
1 (krρ4)H
(2)
0 (krρ4)
H
(1)
0 (krρ4)
)
. (2.28)
2.1.3 Network Analysis
From signal flow analysis [10], the reflection coefficient at the measurement port of
the cylindrical monopole antenna of Figure 2.2 can be determined from the scattering
parameters–(2.16), (2.17), (2.18), and (2.19)– and the reflection coefficient (2.27) of
the radial-guide-fed cylindrical monopole antenna:
Γ =
[
S11 +
S21S12ΓL
1− S22ΓL
]
e−j2kcl (2.29)
in which l is the distance to the measurement port from port 1 of the coaxial-
guide/radial-guide junction network.
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2.2 Results
Computed and measured results are presented to demonstrate the accuracy of
the method discussed in this paper. Dimensions are given in Table 2.1 for a ”thick”
cylindrical monopole antenna whose feedline is a section of RG402 semi-rigid coaxial
line. Data for the input reflection coefficient at z = −s3 + s1 as a function of fre-
quency are plotted in Figure 2.6, in which one observes excellent agreement among
reflection coefficients determined from the method presented in this paper, from a full
MoM solution not incorporating network principles, and from measurements. Data
are printed also for the input reflection coefficient against frequency of a thinner cylin-
drical monopole (Table 2.2) in Figure 2.7, in which one observes excellent agreement
again.
2.3 Conclusions
The authors of this paper present a method for enhancing the efficiency of integral
equation solutions of antennas. Scattering parameters are determined for the coaxial-
guide/radial-guide junction from the solution of an integral equation for the aperture
electric field where the guides intersect. The input reflection coefficient for a radial-
guide-fed cylindrical monopole antenna is determined from the solution of a set of
coupled integral equations. Loading the coaxial-guide/radial-guide network with the
input reflection coefficient of the radial-guide-fed cylindrical monopole allows the
determination of the overall input reflection coefficient for a cylindrical monopole
18
ρ1 0.456 mm
ρ2 1.49 mm
ρ3 15 ρ2
ρ4 0.0650 m
s1 0
s2 16.1 mm
s3 0.156 m
h 0.164 m
µc µ0
c 2.10
µ µ0
 0
Table 2.1: Specifications of a ”thick” cylindrical monopole antenna
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ρ1 0.456 mm
ρ2 1.49 mm
ρ3 3.5 ρ2
ρ4 0.91 cm
s1 0.136 m
s2 0.142 m
s3 0.236 m
h 0.302 m
µc µ0
c 2.10
µ µ0
 0
Table 2.2: Specifications of thinner cylindrical monopole antenna
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Figure 2.6: Reflection coefficients for a ”thick” cylindrical monopole antenna
antenna. There is excellent agreement among the data obtained from the method of
this paper, an independent MoM solution not incorporating network principles, and
measurements.
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Figure 2.7: Reflection coefficients for a thinner cylindrical monopole antenna
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CHAPTER 3
ENHANCEMENT OF EFFICIENCY OF INTEGRAL EQUATION SOLUTIONS
OF ANTENNAS BY INCORPORATION OF NETWORK PRINCIPLES - PART II
In this paper the authors describe a step along the path of designing a tuned
frequency hopping antenna. Other authors have created such antennas by using
automatic impedance tuners and switched impedance networks [20][21]. It is proposed
to realize a frequency hopping antenna by electronically varying the length of a folded
coaxial cavity located below the feed of a coaxially-fed, cylindrical monopole antenna
above an infinite ground plane (Figure 3.1). In this investigation, the end result of
the coupling of the field from one region to another in the proposed cavity, a folded
coaxial guide, is accomplished by a 2-port network. Use of this approach reduces
by one the number of coupled integral equations in the analysis of this antenna and
thereby increases the potential for lowering the cost (CPU time, processing power, and
memory use) of computing a solution, which is important in design via optimization.
Similar domain decomposition techniques have been used successfully in the analysis
of antennas with shielded loads [22][23].
To this end, scattering parameters for the network representing the coax-to-coax
junction are determined from the solution of an integral equation for the aperture
electric field Ez in the slot between the coaxial guides. The accuracy of the net-
work model for the junction is demonstrated by comparing computed and measured
scattering parameters for an apparatus containing four cascaded junctions joined by
coaxial transmission lines. The sensitivity of the scattering parameters to slot length
and to mismatches in characteristic impedance is evaluated.
It is important to note that the use of network analysis to increase the efficiency of
integral equation solutions is not limited to the guide junction shown in Figure 3.2 [24].
Such efficiency gains can be realized whenever the role of a member of a set of coupled
integral equations can be replaced by a network.
3.1 Integral Equation
The folded coaxial guide, illustrated in cross-section in Figure 3.2, comprises two
coaxial guides placed one within the other and joined by a circular gap in the shared
conductor. As depicted in the figure, the guides are shorted at z = 0 and filled by
materials characterized by (µI , I) and (µO, O). The superscripts I and O denote
terms belonging to the inner and outer coaxial regions, respectively. The incident
TEM electromagnetic waves in the inner and outer coaxial regions are
Ei−Iρ (ρ, z) = −
EI0
ρ
ejk
Iz, H i−Iφ =
EI0
ηIρ
ejk
Iz (3.1)
and
Ei−Oρ (ρ, z) =
EO0
ρ
ejk
Oz, H i−Oφ = −
EO0
ηOρ
ejk
Oz (3.2)
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Junction
Coax
Feed
Ground
Plane
Figure 3.1: Cylindrical monopole antenna with folded coaxial cavity below the feed
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Figure 3.2: Folded coaxial guide
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respectively, where kI,O = ω
√
µI,OI,O and EI,O0 is the magnitude of the electric field.
The short-circuit magnetic field in each region is
Hsc−Iφ (ρ, z) =
2EI0
ηIρ
cos(kIz) (3.3)
and
Hsc−Oφ (ρ, z) = −
2EO0
ηOρ
cos(kOz) (3.4)
in which ηI,O =
√
µI,O/I,O. The φ-directed magnetic field due to a z-directed electric
field in the gap in the side wall of either shorted coaxial region is [25, 26]
HI,Oφ (ρ, z) =
1
2ηI,Oρ ln b
a
∫ s1
0
(
e−jk
I,O|z+z′| + e−jk
I,O|z−z′|
)
[Ez(ρ, z
′)]bρ=a dz
′
+
kI,O
2η
∞∑
q=1
1
kI,Ozq (M
I,O
q )2
d
dρ
RI,Oq (ρ)
·
{∫ s1
0
e−jk
I,O
zq |z+z′|
[
ρ
d
dρ
RI,Oq (ρ)Ez(ρ, z
′)
]b
ρ=a
dz′
+
∫ s1
0
e−jk
I,O
zq |z−z′|
[
ρ
d
dρ
Rq(ρ)Ez(ρ, z
′)
]b
ρ=a
dz′
}
(3.5)
where a and b represent the inner and outer conductor radii, respectively, of either
coaxial region in which the field is being evaluated. In (3.5),
RI,Oq (ρ) = N0
(
λI,Oq a
)
J0
(
λI,Oq ρ
)− J0 (λI,Oq a)N0 (λI,Oq ρ)
in which λI,Oq are the q
th zeros of RI,Oq (b) in each region, where
kI,Ozq =

√
(kI,O)2 −
(
λI,Oq
)2
,
(
kI,O
)2
>
(
λI,Oq
)2
−j
√(
λI,Oq
)2
− (kI,O)2, (kI,O)2 > (λI,Oq )2
(3.6)
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and
(
M I,Oq
)2
is the norm of d
dρ
RI,Oq in the appropriate region [8]. When continuity
of the φ-directed magnetic field through the slot in the shared conductor is enforced,
the integral equation for the aperture electric field in the slot is obtained:
1
2ρ2ηO ln
ρ3
ρ2
∫ s1
0
(
e−jk
O|z−z′| + e−jk
O|z+z′|
)
Ez(ρ2, z
′)dz′
+
1
2ρ2ηI ln
ρ2
ρ1
∫ s1
0
(
e−jk
I |z−z′| + e−jk
I |z+z′|
)
Ez(ρ2, z
′)dz′
+
kOρ2
2ηO
∞∑
q=1
1
kOzq(M
O
q )
2
(
d
dρ
ROq (ρ2)
)2
·
∫ s1
0
(
e−jk
O
zq
|z−z′| + e−jk
O
zq
|z+z′|
)
Ez(ρ2, z
′)dz′
+
kIρ2
2ηI
∞∑
q=1
1
kIzq(M
I
q )
2
(
d
dρ
RIq(ρ2)
)2
·
∫ s1
0
(
e−jk
I
zq
|z−z′| + e−jk
I
zq
|z+z′|
)
Ez(ρ2, z
′)dz′
= Hsc−Oφ −Hsc−Iφ z ∈ (0, s1). (3.7)
Equation (3.7) is solved by typical numerical methods: the unknown Ez is expanded
in terms of piecewise constant pulses and the resulting equation is point matched. The
series converge at a sufficient rate that series acceleration is not needed to achieve
numerical efficiency and accuracy.
3.2 Network Parameters
Because coaxial guides support TEM fields, unique voltages can be defined at
z = Z,Z > s1, such that one can conveniently determine scattering parameters in
28
terms of the traveling voltages in the two guides:
S11 =
V r1 (Z)
V i1 (Z)
∣∣∣∣
V i2=0
S21 =
V r2 (Z)
V i1 (Z)
∣∣∣∣
V i2=0
S12 =
V r1 (Z)
V i2 (Z)
∣∣∣∣
V i1=0
S22 =
V r2 (Z)
V i2 (Z)
∣∣∣∣
V i1=0
. (3.8)
V rn and V
i
n denote reflected and incident voltages at port n at the reference surface z =
Z. Port 1 and port 2 are located in the outer and inner coaxial guides, respectively.
Note that, if a negative polarity is assigned to the outer conductor of the outer guide
and a positive polarity to the shared conductor, voltage in the outer guide is defined
as
V O(z) =
∫ ρ3
ρ2
Eρ(ρ, z)dρ (3.9)
and in the inner guide as
V I(z) = −
∫ ρ2
ρ1
Eρ(ρ, z)dρ. (3.10)
From equations (3.1) and (3.2) and the appropriate definitions of voltages, one finds
that V i1 (Z) = E
O
0 ln
ρ3
ρ2
ejk
OZ and V i2 (Z) = E
I
0 ln
ρ2
ρ1
ejk
IZ . The TEM electric field
due to a sidewall electric field in a coaxial guide, where z > s1 (a and b defined as in
(3.5)), is
ETEM−I,Oρ (ρ, z) =
1
ρ ln b
a
e−jk
I,Oz
∫ s1
0
cos kI,Oz′ [Ez(ρ, z′)]
b
ρ=a dz
′, (3.11)
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and the scattering parameters (3.8) are, explicitly,
S11 = e
−j2kOZ
[
−1− 1
EO0 ln
ρ3
ρ2
∫ s1
0
cos kOz′Ez(ρ2, z)dz′
]
, (3.12a)
S12 = − 1
EI0 ln
ρ2
ρ1
e−j(k
I+kO)Z
∫ s1
0
cos kOz′Ez(ρ2, z)dz′, (3.12b)
S22 = e
−j2kIZ
[
−1− 1
EI0 ln
ρ2
ρ1
∫ s1
0
cos kIz′Ez(ρ2, z)dz′
]
, (3.12c)
and
S21 = − 1
EO0 ln
ρ3
ρ2
e−j(k
I+kO)Z
∫ s1
0
cos kIz′Ez(ρ2, z)dz′. (3.12d)
3.3 Data and Discussion
Sample data for Ez (at 1 GHz) in the aperture between the two coaxial guides
in the junction specified by the dimensions and materials in Table 3.1 are presented
in Figure 3.3. Ez displays the expected edge condition at z = s1 and appropri-
ately does not exhibit singular behavior at z = 0. Data for S11 and S22, and S12
and S21 for the junction (specified by Table 3.1) are plotted as a functions of fre-
quency in Figures 3.4 and 3.5, respectively. For this lossless, reciprocal network, the
scattering matrix is symmetric and unitary [10]. Furthermore, whenever the ma-
terials in the outer and inner guides are identical, ρ3/ρ2 = ρ2/ρ1, and E
I
0 = E
O
0 ,
the solution of (3.7) for Ez will be identical, regardless of whether (3.3) or (3.4) is
considered to be the forcing function, which in (3.12) causes S11 to be equal to S22
and S12 to be equal to S21. To determine the approximate location of s1 that
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Figure 3.3: Ez in aperture at 1 GHz
31
200 400 600 800 1000
−1
0
1
Frequency (MHz)
R
e{Γ
}
 
 
S11
S22
200 400 600 800 1000
−1
0
1
Frequency (MHz)
Im
{Γ
}
Figure 3.4: S11 and S22 for a single junction
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Figure 3.5: S12 and S21 for a single junction
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ρ1 3.175 mm
ρ2 7.303 mm
ρ3 1.68 cm
s1 1.905 cm
Z 5 · s1
O = I = 0
µO = µI = µ0
Table 3.1: Dimensions of folded coaxial guide junction
minimizes the reflection coefficients and maximizes the transmission coefficients, a
comparison of the magnitude of reflection and transmission coefficients is presented
in Figure 3.6 as a function of frequency for a junction with the dimensions given in
Table 3.1 and with s1 set to 0.1ρ2, 0.5ρ2, 1.0ρ2, 1.5ρ2, and 2.0ρ2, respectively. The
y-axis scales chosen for Figure 3.6 make it clear that selecting s1 = 0.5ρ2 produces
the optimal result of those presented with almost ideal reflection and transmission
characteristics of 0 and 1, respectively. The sensitivity of the reflection and transmis-
sion coefficients (at 300 MHz) to a mismatch of characteristic impedances is depicted
in Figure 3.7, in which the characteristic impedance of the outer coaxial line is held
constant at 50Ω and the characteristic impedance of the inner coaxial line is varied
from 25Ω to 75Ω with s1 = 0.5ρ2. The coefficients become increasingly non-ideal as
the mismatch of the characteristic impedances grows. Thus, it is desired to match the
34
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Figure 3.6: Reflection and transmission coefficients for
s1 = 0.1ρ2(a), 0.5ρ2(b), 1.0ρ2(c), 1.5ρ2(d), and 2.0ρ2(e)
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characteristic impedances as closely as possible, but small mismatches of the char-
acteristic impedance due to manufacturing imprecision do not adversely affect the
junction’s performance. The scattering parameters have been normalized by the ap-
propriate characteristic impedances [10] to facilitate this comparison. It is important
to note that ideal reflection and transmission coefficients and a matched characteristic
impedance are not necessary to tune a folded coaxial cavity.
The apparatus depicted in cross-section in Figure 3.8 is used to test the accuracy of
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z
Figure 3.8: Measurement apparatus
the network model of the junction and is not intended for inclusion in an antenna. The
coaxial lines on either end are GR874, which facilitates fabrication and the capture
of measurements with standard 50Ω network analyzers. The inner conductors of the
GR874 lines are attached to a hub supporting two thin-walled tubes. The GR874
lines and the hub are enclosed in a larger diameter tube and the outer conductors
of the GR874 lines are soldered to the end caps. Retaining rings, not illustrated,
hold the apparatus in compression to assure electrical contact is made between the
outermost tube and the right end cap at the inner edge of the outer-most tube. The
dimensions of the apparatus are given in Table 3.2.
For computing the overall reflection and transmission coefficients of the apparatus,
scattering parameters and the BLT equation are chosen over ABCD parameters and
cascading because scattering parameters are more easily incorporated into integral
equation solutions of antennas. The apparatus is modeled as five uniform transmission
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ρ1 0.003175 m
ρ2 0.007531 m
ρ3 0.00124 m
ρ4 0.02377 m
z1 0.0381 m
z2 0.0473 m
z3 0.14000 m
z4 0.1456 m
z5 0.17226 m
z6 0.18001 m
z7 0.22256 m
z8 0.22969 m
z9 0.28217 m
Table 3.2: Dimensions of measurement apparatus
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J 1 J 2 J 3 J 4
l1 l2 l3 l4 l5
P2 P2 P2 P2P1P1P1P1Port 1 Port 2
Figure 3.9: Cascaded junctions connected by transmission lines
J1 J2 J3 J4
ρ1 0.00318 m 0.00753 m 0.00753 m 0.00318 m
ρ2 0.00753 m 0.00124 m 0.00124 m 0.00753 m
ρ3 0.00124 m 0.0238 m 0.0238 m 0.00124 m
s1 0.00564 m 0.00925 m 0.00714 m 0.00775 m
Z 0.0113 m 0.0185 m 0.0143 m 0.0155 m
Table 3.3: Dimensions for junctions
lines connected at four junctions as in Figure 3.9 [27]-[30], where ports 1 and 2 of the
apparatus are located at z = 0 and z = z9, respectively. The dimensions for each
junction and the length of each uniform transmission line are given in Tables 3.3 and
3.4, respectively. The propagation matrix is
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l1 0.104 m
l2 0.0774 m
l3 0.159 m
l4 0.0271 m
l5 0.0644 m
Table 3.4: Transmission line lengths
[P ] =

0 −ejkl1 0 0 0 0 0 0 0 0
−ejkl1 0 0 0 0 0 0 0 0 0
0 0 0 −ejkl2 0 0 0 0 0 0
0 0 −ejkl2 0 0 0 0 0 0 0
0 0 0 0 0 ejkl3 0 0 0 0
0 0 0 0 ejkl3 0 0 0 0 0
0 0 0 0 0 0 0 −ejkl4 0 0
0 0 0 0 0 0 −ejkl4 0 0 0
0 0 0 0 0 0 0 0 0 −ejkl5
0 0 0 0 0 0 0 0 −ejkl5 0

(3.13)
where in all cases k = ω
√
µ00 because air is the dielectric material throughout the
apparatus. The coefficients of the exponentials in (3.13) are a consequence of the
voltage sign conventions introduced in equations (3.9) and (3.10). The scattering
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matrix is
[S] =

0 0 0 0 0 0 0 0 0 0
0 S122 S
1
21 0 0 0 0 0 0 0
0 S112 S
1
11 0 0 0 0 0 0 0
0 0 0 S222 S
2
21 0 0 0 0 0
0 0 0 S212 S
2
11 0 0 0 0 0
0 0 0 0 0 S311 S
3
12 0 0 0
0 0 0 0 0 S221 s
3
22 0 0 0
0 0 0 0 0 0 0 S411 S
4
12 0
0 0 0 0 0 0 0 S421 S
4
22 0
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
(3.14)
where Simn is the ratio of the reflected voltage at port m to the incident voltage at
port n in the ith junction with the other ports terminated in matching loads. The
reversal of rows and columns in two of the junction scattering matrices is due to the
propagation path of an electromagnetic wave through the apparatus. The propagation
path is indicated in Figure 3.9 by the placement of the labels P1 and P2 to indicate
the location of ports 1 and 2, respectively, for each junction. The propagation and
scattering matrices are substituted into the voltage BLT equation
[V ] = [[I] + [S]] [[P ] + [S]]−1 [Vs] (3.15)
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in which [I] is the identity matrix and [Vs] is the source vector
[Vs] =

1
0
0
0
0
0
0
0
0
0

or

0
0
0
0
0
0
0
0
0
1

depending on if the incident wave being considered is present at port 1 or 2, re-
spectively. A comparison between computed and measured values for the scattering
parameters of the apparatus is presented in Figures 3.10, 3.11, 3.12, and 3.13, where
computed and measured data are shown to agree well. The discrepancy between the
computed and measured data increases with frequency and is likely due to modeling
the thin-walled tubes in the apparatus as vanishingly thin tubes with their tube walls
located at the mean of their inner and outer radii and to machining (by the authors)
of the apparatus components.
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Figure 3.10: Measured and computed values for S11 of the apparatus
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Figure 3.11: Measured and computed values for S12 of the apparatus
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Figure 3.12: Measured and computed values for S21 of the apparatus
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Figure 3.13: Measured and computed values for S22 of the apparatus
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3.4 Conclusions
In this paper, a method is presented for enhancing the efficiency of integral equa-
tion solutions of cylindrical monopole antennas loaded with folded coaxial cavities
below the feed. This method can be used to replace the field coupling represented
by a coupled integral equation with a 2-port network. There is agreement between
computed and measured scattering parameters. The reflection and transmission co-
efficients of the junction appear to be relatively insensitive to small mismatches in
characteristic impedance. The proposed folded coaxial guide cavity is necessary be-
cause of the impracticality of placing an inductor with a ferritte core below the feed.
Because the length of a coaxial cavity below the feed can be extended in this fashion,
a greater range of inductive values will be accessible at low frequencies than would
ordinarily be possible.
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CHAPTER 4
INVESTIGATION OF AN ELECTRICALLY SWITCHED FOLDED COAXIAL
GUIDE
In this paper the authors describe a step along the path of designing a monopole
or dipole antenna with electronically controlled tuning. Other authors have created
such antennas by using automatic impedance tuners and switched impedance net-
works [20][21]. It is proposed to realize a tuned antenna by electronically varying
the length of a folded coaxial tuning cavity coupled below the feed of a coaxially-fed,
cylindrical monopole antenna above a mounting plate (Figure 4.1). The folded coaxial
guide cavity comprises two coaxial guides that are shorted at both ends, placed one
within the other, and joined by a circular gap in the shared conductor. It is proposed
that the gap be shorted, or not, by uniformly-spaced, thin wires that are parallel to
the axis of the coaxial guides, that extend from the end of the shared conductor to the
mounting plate, and that are terminated there in an electronically-controlled diode
switch. In actual construction, the wires pass through small holes in the mounting
plate so that they can be terminated by the diodes outside the region in which the
field of interest exists. When the diodes are reverse biased (off), the wires are termi-
nated in high impedances and the currents on the wires are very small while, when
the diodes are forward biased (on), the wires are terminated in very small impedances
and the currents on the wires are relatively large [31]. Electrical switching for electro-
magnetic applications is used in wave guides [31], microwave circuits[10], and patch
antennas [32][33].
Because the wires interact with the electromagnetic field present in the cavity and
allow energy to couple to the region below the mounting plate, an investigation into
the effect of the wires on the field is undertaken prior to construction and modeling
of such an antenna. Ideally, the wires are approximated as perfect distributed shorts
when the diodes are on, and as electrically transparent or as an impedance sheet [34]
when the diodes are off. Modeling of the PIN diodes is not considered in this investi-
gation because, at the frequencies of interest (50 MHz - 1200 MHz), they appear as
nearly perfect electrical shorts and opens [35].
4.1 Investigation
The practical construction of an electrically switched folded coaxial cavity leads
to several difficulties to an accurate analysis of the tuner: the holes drilled in the
mounting plate could perturb radial electric current on the shorted end of the cavity
and could thereby alter the cavity field, wires inserted through the holes can be excited
and radiate through the base plate [36], and, when shorted, the wires may not appear
collectively as a distributed, perfect electrical short. In this section, these possible
difficulties in modeling the switched, folded coaxial guide are investigated.
Three folded coaxial guides (Figure 4.2) [37] are constructed and serve as test
apparatuses. They consist of a set of three different length, machined tubes of inner
49
Junction
Coax
Feed
Mounting
Plate
Figure 4.1: Coax-fed cylindrical monopole antenna with folded coaxial cavity below the
feed
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l1 l2 l3
Apparatus 1 0.1016000 m 0.168148 m 0.0667512 m
Apparatus 2 0.0978662 m 0.164516 m 0.0667512 m
Apparatus 3 0.0909955 m 0.157683 m 0.0667512 m
Table 4.1: Dimensions of experimental apparatus
radius 0.0856 m and three machined end caps. End cap A (Figure 4.3) has been
machined to accept the outer conductor of a length of GR874 coaxial transmission
line. End cap B (Figure 4.4) has been machined to accept an 8-32 machine screw to
secure the inner conductor of a GR874 line to the end cap and eight, equally-spaced
small holes have been drilled on a circle with the same radius as that of the outer
conductor of the GR874 line. End cap C (Figure 4.5) is identical to end cap B with
the exception that it lacks the ring of holes. The length l1 of a cavity from cap-to-cap,
of the GR874 inner conductors with the end caps in place l2, and of GR874 tube on
the interior side of end cap A l3 are, labeled in Figure 4.2 and values for the three
cases are given in Table 4.1. Threaded rods are placed through the outer holes in the
end caps to align the apparatus and to hold it in compression.
To test the effect of the holes in the end cap, the input reflection coefficient of the
apparatus is measured for each tube with both end caps B and C in place. The data
for the three cases as functions of frequency are plotted in Figure 4.6. In all three
cases, the holes appear to have negligible effect on the input reflection coefficients
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End Cap A End Cap B
l1
l2
l3
Figure 4.2: Apparatus
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Top View
Side View
Bolt Hole
Bolt Hole Circle
Figure 4.3: End cap A
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Holes for Wires
Figure 4.4: End cap B
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Bolt Holes
Side ViewTop View
Bolt Circle
Figure 4.5: End cap C
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when there are no ”shorting” wires present.
Additional measurements are performed to better understand the properties of
the structure. Eight dielectric-coated wires are extracted from 85 mil semi-rigid coax.
The wires are stripped of their dielectric coating except for a short section to prevent
unwanted contact with the end cap and are soldered to the GR874 outer conductor
(Figure 4.7). The measured reflection coefficients of the apparatus when the wires are
cut to two different lengths and left unterminated (Figure 4.8) and of the apparatus
with end cap C without wires are plotted in Figure 4.9. As is expected, the shorter
wires couple less to the exterior than do the longer wires. The input reflection co-
efficients for a computed perfect short and measurements of the reflection coefficient
when the wires are shorted to the end cap symmetrically (Figure 4.10) are presented
in Figure 4.11. The eight wires appear to be a very good short over the range of 30 -
450 MHz and display a slight phase discrepancy above this range.
Because the unterminated wires are not transparent to the field, further investi-
gation is called for to determine if open-wire performance can be improved without
adversely affecting that of the folded guide with the wires shorted. Wires are removed
from the shared conductor one at a time until only four remain. The reflection coeffi-
cient for both terminations is measured with seven, six, five, and four wires remaining.
Measured values are plotted as a function of frequency in Figures 4.12 and 4.13 for
the unterminated and shorted cases, respectively. As wires are removed, the mea-
sured reflection coefficient for the unterminated case shifts toward that of the empty
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Figure 4.6: Reflection coefficient for apparatus (a) 1 , (b) 2, and (c) 3 with end caps B and
C
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Figure 4.7: Apparatus with wires soldered to the outer conductor of the GR874 line
folded guide while that for the shorted case shifts away from that for an actual short
at the gap. Four symmetrically-spaced open and shorted wires in the gap do cause,
reasonably accurately, the ideal open gap and shorted gap in the range of 50 - 300
MHz, but not at higher frequencies. However, one can readily measure the scattering
parameters for the folded coaxial guide with open and short-circuit wire termination
conditions and integrate them into a numerical analysis in a way similar to what is
done in [22][24].
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Figure 4.8: Wires cut to two different lengths and left unterminated
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Figure 4.9: Reflection coefficient for apparatus 1 with two different lengths of wire soldered
to the outer conductor of the GR874 line
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Figure 4.10: Apparatus with the wires soldered to the outer conductor of the GR874 line
shorted symmetrically
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Figure 4.11: Reflection coefficients for apparatus 1 with eight wires soldered to the outer
conductor of the GR874 line shorted symmetrically and a computed perfect short
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Figure 4.12: Reflection coefficients for apparatus 1 with different numbers of wires soldered
to the outer conductor of the GR874 line left unterminated and of an empty folded guide
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Figure 4.13: Reflection coefficients for apparatus 1 with different numbers of wires soldered
to the outer conductor of the GR874 line and shorted and of a computed perfect short
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4.2 Conclusions
The authors of this paper investigate the feasibility of controlling the length of
a folded coaxial guide electrically. It is found that a ring of small holes in the base
affects the field in the guide negligibly. However, any conductor, placed through a
hole, extending into the guide couples the field in the guide to the exterior region.
Eight symmetrically spaced wires soldered to the shared conductor and shorted to the
end cap are collectively a fair approximation of a perfect short at the gap, but when
left unterminated (open) are not sufficiently transparent to the field to be treated
as an open gap. Reducing the number of (open) wires improves transparency but
degrades the wires’ performance as an ideal short. Four symmetrically-spaced open
and shorted wires in the gap do cause reasonably accurately the ideal open gap and
shorted gap in the range of 50 - 300 MHz, but not at higher frequencies.
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CHAPTER 5
EFFICIENT ANALYSIS OF AN OPTIMIZED ANTENNA
In this chapter, the genetic algorithm (GA) optimization [38] of a coaxially-fed
cylindrical monopole antenna tuned by a folded coaxial cavity below the feed at
ρ = ρ3 for z ∈ (g1, g2) (Figure 5.1) is considered. It is desired to tune the cavity
so that it appears to be inductive over the frequencies of operation at the ”gap”
through which the tuning cavity and the antenna proper are coupled, thus improving
the antenna’s broadband performance. During the optimization, a set of five coupled
integral equations –(B.1), (B.21), (B.22), (B.23), and (B.26)– are solved for each
physically possible child. When the integral equations are solved with the method
of moments, a large system matrix must be filled and inverted, which is expensive
in terms of CPU time, processing power, and memory use. Thus, a more efficient
technique of analyzing each child is highly desirable. If the networks introduced
in Chapters 2 and 3 are incorporated into the analysis to accomplish the coupling
represented by (B.22) and (B.23), the number of coupled integral equations to be
solved is reduced by two, thereby reducing the cost of analyzing each child and the
overall time required for the optimization. The new set of coupled integral equations
to be solved for each child comprises (B.31), (B.32), and (B.26).
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Figure 5.1: Coaxially-fed cylindrical monopole antenna loaded by a folded coaxial cavity
below the feed
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5.1 Genetic Optimization
The GA driver written by David Carroll of CU Aerospace [39]-[41] is used similarly
to in [42] to perform the optimization. In this study, six parameters (g1, g2, s1, s2, g5
and g6) are varied with a goal of finding an antenna with a standing wave ratio
(SWR) of less than 3 over a range of 600 - 1000 MHz. The FORTRAN micro-GA
implements binary tournament selection, and the GA parameters chosen are elitism,
uniform crossover with probability 0.5 and one child per pair of parents. There are
five children per generation with a maximum number of 1000 generations. The fixed
dimensions and material constants not varied by the algorithm are found in Table 5.1.
The material constants are consistent with commerically available dielectric materials.
The characteristic impedance of the coaxial feed line is chosen to be 100Ω instead of
50Ω to increase the likelihood of realizing a low SWR [43]. The cost function is
Cost = −
Nf∑
i=1
u
(
SWR(fi), SWR
D(fi)
)
, (5.1)
where SWR(fi) is the computed SWR at a given frequency for the current child,
SWRD is the desired SWR at a given frequency, Nf is the number of frequency
points being considered, and
u(x, y) =

(x− y)2, x > y
0, otherwise
. (5.2)
SWRD = 3 for all frequencies of interest. SWR(·) is computed from the input
reflection coefficient of the antenna, which is calculated from the solution of the set of
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ρ1 0.00046 m
ρ2 0.00510 m
ρ3 0.00911 m
ρ4 0.00682 m
g3 0.0 m
g4 0.00341 m
h 0.09375 m
µc µ0
c 2.10
µ µ0
 0
µI µ0
I 0
µO µ0
O 0
Table 5.1: Fixed antenna dimensions and material constants
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Figure 5.2: Cost as a function of the number of evaluations
coupled integral equations –(B.31), (B.32), and (B.26)– at twenty-five equally-spaced
frequencies in the range of interest.
The GA cost as a function of the number of evaluations is plotted in Figure 5.2.
The cost over the first thirty-five evaluations is not graphed because those children
are not physically possible (s1 > s2, s2 > h, etc.) and are assigned a cost of -1E+10.
The first child with a cost of zero is found on the 762nd evaluation. 1,412 children
are evaluated in twelve hours, six minutes and forty-three seconds, an average of
70
g1 0.01689 m
g2 0.02263 m
s1 0.04805 m
s2 0.05959 m
g5 0.01400 m
g6 0.02335 m
Table 5.2: GA optimization determined dimensions for a representative zero-cost child
30.8 seconds per child. 965 children with physically impossible configurations are
considered. Scattering parameters for forty-two coaxial-guide/radial-guide junctions
and one folded coaxial guide junction are computed.
The dimensions chosen by the algorithm for a representative zero-cost child are
given in Table 5.2. The SWR as a function of frequency for this representative child
is presented in Figure 5.3. The desired SWR is plotted as a straight line at SWR = 3
and the two cross bars indicate the beginning and end of the 600 - 1000 MHz range.
The goal of the optimization is met over the entire range.
5.2 Conclusions
In this chapter, it is demonstrated that a complex antenna can be designed to meet
prescribed specifications by means of optimization, in a reasonable amount of time, if
the network principles presented in Chapters 2 and 3 are utilized. The coaxially-fed
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Figure 5.3: SWR as a function of frequency of a representative zero-cost child
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cylindrical monopole antenna loaded by a folded coaxial cavity below the feed can,
indeed, meet and exceed the prescribed specifications over a range of 600 - 1000 MHz,
as is demonstrated in the design sequence presented above. The enhanced efficiency
demonstrated in this chapter is possible whenever the effects of one or more coupled
integral equations can be replaced by networks.
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APPENDICES
APPENDIX A
ADMITTANCE MATRIX ENTRIES / SERIES ACCELERATION
Acceleration techniques are required to ensure efficient and accurate numerical
evaluation of the infinite series present in the admittance matrix entries obtained
from the magnetic field expressions that make use of the Green’s functions (2.11) and
(2.23). They are outlined in this appendix.
A.1 Hφ Due to an Annulus of ρ-varying Magnetic Current in an Infinite Radial
Guide
The homogeneous portion of the expression for the magnetic field due to an annu-
lus of ρ-varying magnetic current in an infinite radial guide becomes the admittance
matrix entries
Y hmn =−
pi
4ηr (s2 − s1)
H
(1)
0 (krρ1)
H
(2)
0 (krρ1)
H
(2)
1 (krρm)
[
H
(2)
0
(
krρn+ 1
2
)
−H(2)0
(
krρn− 1
2
)]
− pikr
2ηr (s2 − s1)
∞∑
q=1
1
γq
H
(1)
0 (γqρ1)
H
(2)
0 (γqρ1)
H
(2)
1 (γqρm)
·
[
H
(2)
0
(
γqρn+ 1
2
)
−H(2)0
(
γqρn− 1
2
)]
. (A.1)
Kummer’s method [44] is employed to accelerate the convergence of the infinite series
in (A.1):
Y hmn =−
pi
4ηr (s2 − s1)
H
(1)
0 (krρ1)
H
(2)
0 (krρ1)
H
(2)
1 (krρm)
[
H
(2)
0
(
krρn+ 1
2
)
−H(2)0
(
krρn− 1
2
)]
− pikr
2ηr (s2 − s1)
∞∑
q=1
{
1
γq
H
(1)
0 (γqρ1)
H
(2)
0 (γqρ1)
H
(2)
1 (γqρm)
·
[
H
(2)
0
(
γqρn+ 1
2
)
−H(2)0
(
γqρn− 1
2
)]
+ Amn+ 1
2
Fq(Ωmn+ 1
2
)
− Amn− 1
2
Fq(Ωmn− 1
2
)
}
+
pikr
2ηr (s2 − s1)
[
Amn+ 1
2
F(Ωmn+ 1
2
)− Amn− 1
2
F(Ωmn− 1
2
)
]
(A.2)
where
Amn± 1
2
= j
2 (s2 − s1)2
pi3
1√
ρmρn± 1
2
Ωmn± 1
2
=
pi
s2 − s1 (ρm + ρn± 12 − 2ρa)
Fq(α) =
e−qα
q2 − 1
F(α) = 2
[
1− sinh α
2
ln
(
coth
α
4
)]
.
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A.2 Hφ Due to a Band of z-varying Magnetic Current in a Shorted Radial Guide
The expression for the magnetic field due to a band of z-varying magnetic current
in a shorted radial guide becomes the admittance matrix entries
Y rmn =
pi
4
krρ4
ηr (s2 − s1)∆H
(1)
1 (krρ4)
[
H
(2)
1 (krρ4)−
H
(1)
1 (krρ4)H
(2)
0 (krρ4)
H
(1)
0 (krρ4)
]
+
pi
4
krρ4
ηrpi
∞∑
q=1
1
q
H
(1)
1 (γqρ4)
[
H
(2)
1 (γqρ4)−
H
(1)
1 (γqρ4)H
(2)
0 (γqρ4)
H
(1)
0 (γqρ4)
]
·
[
sin
qpi
s2 − s1
(
zm + zn +
∆n+1
2
)
− sin qpi
s2 − s1
(
zm − zn − ∆n+1
2
)
− sin qpi
s2 − s1)
(
zm + zn − ∆n
2
)
+ sin
qpi
s2 − s1
(
zm − zn + ∆n
2
)]
. (A.3)
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Kummer’s method is employed to accelerate the convergence of the infinite series in
(A.3) [45]:
Y rmn =
pi
4
krρ4
ηr (s2 − s1)∆
[
H
(2)
1 (krρ4)H
(1)
1 (krρ4)−
H
(1)
1 (krρ4)H
(2)
0 (krρ4)
H
(1)
0 (krρ4)
H
(1)
1 (krρ4)
]
+
pi
4
krρ4
ηrpi
· Ω1 ·
[
sinAmn+ 1
2
− sinBmn+ 1
2
− sinAmn− 1
2
+ sinBmn− 1
2
]
+
pi
4
krρ4
ηrpi
[ ∞∑
q=2
{[
Ωq − j 4 (s2 − s1)
pi2ρ4
1
q2 − 1
]
·
[
sin qAmn+ 1
2
− sin qBmn+ 1
2
− sin qAmn− 1
2
+ sin qBmn− 1
2
]}
+ j
4 (s2 − s1)
pi2ρ4
S (Amn+ 12)− Bmn+ 12∣∣∣Bmn+ 1
2
∣∣∣S
(∣∣∣Bmn+ 1
2
∣∣∣)
−S
(
Amn− 1
2
)
+
Bmn− 1
2∣∣∣Bmn− 1
2
∣∣∣S
(∣∣∣Bmn− 1
2
∣∣∣)

 (A.4)
where
Ωq =
1
q
[
H
(2)
1 (γqρ4)H
(1)
1 (γqρ4)−
H
(1)
1 (γqρ4)H
(2)
0 (γqρ4)
H
(1)
0 (γqρ4)
H
(1)
1 (γqρ4)
]
(A.5)
Amn± 1
2
=
pi
s2 − s1
[
zm + zn ± ∆
2
]
(A.6)
Bmn± 1
2
=
pi
s2 − s1
[
zm − zn ∓ ∆
2
]
(A.7)
and
S(Θ) = sin Θ
[
1
4
− ln
(
2 sin
Θ
2
)]
, 0 < Θ < 2pi. (A.8)
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APPENDIX B
INTEGRAL EQUATIONS FOR COAXIALLY-FED, CYLINDRICAL
MONOPOLE ANTENNA LOADED BY A FOLDED COAXIAL GUIDE BELOW
THE FEED
As an aid to the determination of the integral equations pertinent to the antenna
in Figure 5.1, an equivalent model is developed. The cavity, feed, gap, and coax
apertures located at ρ = ρ3 for z ∈ (g1, g2), ρ = ρ3 for z ∈ (s1, s2), ρ = ρ4 for z ∈
(g3, g4), and z = s1 for ρ ∈ (ρ1, ρ2), respectively, are shorted and φ-directed bands
of unknown magnetic current –Mφ1, Mφ2, Mφ3, and Mφ4, respectively– are placed
on either side of each short [17]-[19]. To complete the exterior equivalent model,
an unknown z-directed equivalent electric current Iz is placed on the surface of the
monopole (Figure B.1) and image theory is employed to remove the ground plane as
suggested in Figure B.2.
Five coupled integral equations for the unknowns are devised so that Hφ is con-
tinuous through each aperture and so that Ez is zero on the surface of the cylindrical
Mφ2 -Mφ2
Mφ1 -Mφ1
Mφ3
-Mφ3
-Mφ4
Mφ4
Iz
Figure B.1: Antenna with shorted apertures and φ-directed bands of unknown magnetic
current and Iz
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Mφ2
Mφ1
z = 0
z = s2
z = -s2
z = h
Miφ1
z = -h
z = s1
z = -s1
Iiz(z)
Miφ2
z = g2
z = g1
z = -g2
z = -g1
Figure B.2: Exterior equivalent model
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monopole. The equation forcing Hφ to be continuous through the cavity aperture is
HIzφ [Iz; z] +H
Iiz
φ [Iz; z]
+H
Mφ
φ [Mφ1; z; g1, g2] +H
M iφ
φ [Mφ1; z; g1, g2]
+H
Mφ
φ [Mφ2; z; s1, s2] +H
M iφ
φ [Mφ2; z; s1, s2]
= HcBφ [−Mφ1; ρ, z; g1, g2; ρ3; g3, g6; ρ4, ρ3] +HcBφ [Mφ3; ρ, z; g3, g4; ρ4; g3, g6; ρ4, ρ3],
ρ = ρ3, z ∈ (g1, g2) (B.1)
where[6]
HIzφ [Iz; z] =
1
4piρ3
Iz(z) +
ρ3
4pi2
∫ h
0
∫ pi
−pi
Iz(z
′)
e−jkRρ3
Rρ3
sin2
φ′
2
[
1
R2ρ3
+
jk
Rρ3
]
dφ′dz′ (B.2)
in which
Rρ3 =
√
4ρ23 sin
2 φ
′
2
+ (z − z′)2, (B.3)
H
Iiz
φ [Iz; z] =
ρ3
4pi2
∫ h
0
∫ pi
−pi
Iz(z
′)
e−jkR
i
ρ3
Riρ3
sin2
φ′
2
[(
1
Riρ3
)2
+
jk
Riρ3
]
dφ′dz′ (B.4)
in which
Riρ3 =
√
4ρ23 sin
2 φ
′
2
+ (z + z′)2, (B.5)
H
Mφ
φ [Mφn; z; z1, z2] = −
jkρ3
4piη
∫ z2
z1
∫ pi
−pi
Mφn(z
′) cosφ′
e−jkRρ3
Rρ3
dφ′dz′ (B.6)
H
M iφ
φ [Mφn; z; z1, z2] is given by the right-hand side of (B.6) with Rρ3 replaced by R
i
ρ3
,
HcBφ [Mφn; ρ, z; z1, z2; ρ
′; zb, zt; ρi, ρo]
=
∫ z2
z1
Mφn(z
′)Gi(ρ, z − zb; ρ′, z′ − zb; zb, zt; ρi, ρo)dz′, (B.7)
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and
HcAφ [Mφn; ρ, z; ρ1, ρ2; zb, zt; ρi, ρo] =
∫ ρ2
ρ1
Mφn(ρ
′)Gi(ρ, z − zb; ρ′, 0; zb, zt; ρi, ρo)dρ′.
(B.8)
The Green’s function for a coaxial line when considering z-guided waveguide modes
is [6]
Gi(ρ, z; ρ
′, z′; zb, zt; ρi, ρo) = − 1
2η ln (ρo/ρi)
1
ρ
[
e−jk|z−z
′| (B.9)
+
e−jk(z−zb−zt) + e+jk(z+zb−zt)
2j sin k(zt − zb) e
−jkz′ +
e−jk(z−zb+zt) + e+jk(z−zb−zt)
2j sin k(zt − zb) e
+jkz′
]
− k
2η
∞∑
q=1
ρ′ d
dρ
Rq(ρ
′) d
dρ
Rq(ρ)
kzqM
2
q
(ρ′, ρ; ρi, ρo)
[
e−jkzq |z−z
′|
+
e−jkzq(z−zb−zt) + e+jkzq(z+zb−zt)
2j sin kzq(zt − zb) e
−jkzqz′ (B.10)
+
e−jkzq(z−zb+zt) + e+jkzq(z−zb−zt)
2j sin kzq(zt − zb) e
+jkzqz′
]
where
Rq(ρ) = N0 (λqρi) J0 (λqρ)− J0 (λqρi)N0 (λqρ) (B.11)
in which λq are the q
th zeros of Rq(ρo), where
kzq

√
k2 − λ2q, k2 > λ2q
−j√λ2q − k2, k2 > λ2q
, (B.12)
and M2q is the norm of
d
dρ
Rq [8] The Green’s function for a coaxial line when consid-
ering z-guided waveguide modes is [6]
Gi(ρ, z; ρ
′, z′; zb, zt; ρi, ρo) =G
p
i (ρ, z; ρ
′, z′; zb, zt; ρi, ρo) +Ghi (ρ, z; ρ
′, z′; zb, zt; ρi, ρo).
(B.13)
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where
Gpi (ρ, z; ρ
′, z′; zb, zt; ρi, ρo) =− piρ
′k
4ηh
Ω0(ρ, ρ
′)− piρ
′k
2hη
∞∑
q=1
Ωq(ρ, ρ
′) cos
(qpi
h
z
)
cos
(qpi
h
z′
)
(B.14)
where h = zt − zb,
k′tq =

√
k2 − ( qpi
h
)2
, k2 >
(
qpi
h
)2
−j
√(
qpi
h
)2 − k2 , k2 < ( qpi
h
)2 ,
and
Ω0(ρ, ρ
′) =

H
(2)
1 (kρ)H
(1)
1 (kρ
′) , ρ > ρ′
H
(1)
1 (kρ)H
(2)
1 (kρ
′) , ρ < ρ′
(B.15)
Ωq(ρ, ρ
′) =

H
(2)
1 (k
′
tqρ)H
(1)
1 (k
′
tqρ
′) , ρ > ρ′
H
(1)
1 (k
′
tqρ)H
(2)
1 (k
′
tqρ
′) , ρ < ρ′
. The homogeneous portion of the Green’s function is
Ghi (ρ, z; ρ
′, z′; zb, zt; ρi, ρo) = −pikρ
′
4ηh
(
C0H
(2)
1 (kρ) +D0H
(1)
1 (kρ)
)
(B.16)
− piρ
′k
2ηh
∞∑
q=1
(
CqH
(2)
1 (k
′
tqρ) +DqH
(1)
1 (k
′
tqρ)
)
cos
(qpi
h
z
)
cos
(qpi
h
z′
)
where
C0 =− H
(1)
0 (kρi)H
(2)
1 (kρ
′)
H
(2)
0 (kρi)
(B.17)
− H
(1)
0 (kρi)H
(2)
0 (kρo)
H
(2)
0 (kρi)
· H
(1)
0 (kρi)H
(2)
1 (kρ
′)−H(1)1 (kρ′)H(2)0 (kρi)
−H(1)0 (kρi)H(2)0 (kρo) +H(1)0 (kρo)H(2)0 (kρi)
,
D0 =H
(2)
0 (kρo)
H
(1)
0 (kρi)H
(2)
1 (kρ
′)−H(1)1 (kρ′)H(2)0 (kρi)
−H(1)0 (kρi)H(2)0 (kρo) +H(1)0 (kρo)H(2)0 (kρi)
, (B.18)
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Cq =−
H
(1)
0 (k
′
tqρi)H
(2)
1 (k
′
tqρ
′)
H
(2)
0 (k
′
tqρi)
(B.19)
− H
(1)
0 (k
′
tqρi)H
(2)
0 (k
′
tqρo)
H
(2)
0 (k
′
tqρi)
· H
(1)
0 (k
′
tqρi)H
(2)
1 (k
′
tqρ
′)−H(1)1 (k′tqρ′)H(2)0 (k′tqρi)
H
(2)
0 (k
′
tqρi)H
(1)
0 (k
′
tqρo)−H(1)0 (k′tqρi)H(2)0 (k′tqρo)
,
and
Dq =H
(2)
0 (k
′
tqρo)
H
(1)
0 (k
′
tqρi)H
(2)
1 (k
′
tqρ
′)−H(1)1 (k′tqρ′)H(2)0 (k′tqρi)
H
(2)
0 (k
′
tqρi)H
(1)
0 (k
′
tqρo)−H(1)0 (k′tqρi)H(2)0 (k′tqρo)
(B.20)
and where H
(n)
m (·) is the mth order Hankel function of the nth kind. The equation
forcing Hφ to be continuous through the feed aperture is
HIzφ [Iz; z] +H
Iiz
φ [Iz; z]
+H
Mφ
φ [Mφ1; z; g1, g2] +H
M iφ
φ [Mφ1; z; g1, g2]
+H
Mφ
φ [Mφ2; z; s1, s2] +H
M iφ
φ [Mφ2; z; s1, s2]
= HcBφ [−Mφ2; ρ, z; s1, s2; ρ3; s1, s2; ρ1, ρ3] +HcAφ [Mφ3; ρ, z; ρ1, ρ2; s1, s2; ρ1, ρ3],
ρ = ρ3, z ∈ (s1, s2).
(B.21)
The equation forcing Hφ to be continuous through the gap aperture is
HcBφ [−Mφ1; ρ, z; g1, g2; ρ3; g3, g6; ρ4, ρ3] +HcBφ [Mφ3; ρ, z; g3, g4; ρ4; g3, g6; ρ4, ρ3]
= HcBφ [−Mφ3; ρ, z; g3, g4; ρ4; g3, g5; ρ4, ρ3], ρ = ρ4, z ∈ (g3, g4).
(B.22)
The equation forcing Hφ to be continuous through the coax aperture is
HcBφ [−Mφ2; ρ, z; s1, s2; ρ3; s1, s2; ρ1, ρ3] +HcAφ [Mφ3; ρ, z; ρ1, ρ2; s1, s2; ρ1, ρ3]
= HcFφ [−Mφ4; ρ, z] +Hsc−cφ [ρ, z], z = s1, ρ ∈ (ρ1, ρ2) (B.23)
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where
HcFφ [−Mφ4; ρ, z] =
∫ ρ2
ρ1
Mφ4(ρ
′)Gc(ρ, z; ρ′, 0)dρ′ (B.24)
in which Gc is defined as in (2.5), and
Hsc−cφ [ρ, z] =
2Ec0
ηcρ
cos kc(z − s1). (B.25)
The equation forcing Ez to be zero on the cylindrical monopole is
EIzz [Iz; z] + E
Iiz
z [Iz; z]
+ E
Mφ
z [Mφ1; z; g1, g2] + E
M iφ
z [Mφ1; z; g1, g2]
+ E
Mφ
z [Mφ2; z; s1, s2] + E
M iφ
z [Mφ2; z; s1, s2] = 0 , z ∈ (0, h). (B.26)
The field at the cylindrical surface contributed by the equivalent electric current on
the surface of the monopole is given by[6]
EIzz [Iz; z] = −
jη
8pi2k
{
k2
∫ h
0
∫ pi
−pi
Iz(z
′)
e−jkRρ3
Rρ3
dφ′dz′ +
d
dz
∫ h
0
∫ pi
−pi
d
dz′
Iz(z
′)
e−jkRρ3
Rρ3
dφ′dz′
}
(B.27)
where k = ω
√
µ, η =
√
µ

. The field contributed by the image of the equivalent
electric current is[6]
EI
i
z
z [Iz; z] = −
jη
8pi2k
{
k2
∫ h
0
∫ pi
−pi
Iz(z
′)
e−jkR
i
ρ3
Riρ3
dφ′dz′ − d
dz
∫ h
0
∫ pi
−pi
d
dz′
Iz(z
′)
e−jkR
i
ρ3
Riρ3
dφ′dz′
}
.
(B.28)
E
Mφ
z [Mφ1; z; g1, g2] and E
Mφ
z [Mφ2; z; s1, s2] are the contributions to the field by the
equivalent magnetic currents Mφ1 and Mφ2, respectively, located at ρ = ρ3 for
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z ∈ (g1, g2) and z ∈ (s1, s2) respectively.
E
Mφ
z [Mφn; z; z1, z2] = −1
2
Mφn(z) (B.29)
− 1
4pi
∫ z2
z1
∫ pi
−pi
Mφn(z
′) cosφ′
e−jkRρ3
Rρ3
{
1− ρ23(1− cosφ′)
[
1
R2ρ3
+
jk
Rρ3
]}
dφ′dz′
where n indicates which magnetic current contributes the field. The contributions to
the field by the images of Mφ1 and Mφ1 are given by
E
M iφ
z [Mφn; z; z1, z2] = (B.30)
− 1
4pi
∫ z2
z1
∫ pi
−pi
Mφn(z
′) cosφ′
e−jkR
i
ρ3
Riρ3
{
1− ρ23(1− cosφ′)
[(
1
Riρ3
)2
+
jk
Riρ3
]}
dφ′dz′.
When network principles are incorporated into the analysis, one considers the
cylindrical monopole antenna in Figure 5.1 to be driven by a matched radial guide
and the outer coaxial cavity to be loaded by a reflection coefficient at the lower end
(Figure B.3). The exterior equivalent model remains the same as above, but the
”effects” of the coupled integral equations (B.22) and (B.23) are replaced with 2-port
networks, and (B.1) and (B.21) are replaced by
HIzφ [Iz; z] +H
Iiz
φ [Iz; z]
+H
Mφ
φ [Mφ1; z; g1, g2] +H
M iφ
φ [Mφ1; z; g1, g2]
+H
Mφ
φ [Mφ2; z; s1, s2] +H
M iφ
φ [Mφ2; z; s1, s2]
= HcCφ [−Mφ1; ρ, z; g1, g2; ρ3; g3, g6; ρ4, ρ3],
ρ = ρ3, z ∈ (g1, g2) (B.31)
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EizMφ2 -Mφ2
Iz
Mφ1
-Mφ1
Γ
Figure B.3: Radial guide driven cylindrical monopole antenna with a shorted coaxial cavity
located below the feed loaded by a reflection coefficient at the lower end
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and
HIzφ [Iz; z] +H
Iiz
φ [Iz; z]
+H
Mφ
φ [Mφ1; z; g1, g2] +H
M iφ
φ [Mφ1; z; g1, g2]
+H
Mφ
φ [Mφ2; z; s1, s2] +H
M iφ
φ [Mφ2; z; s1, s2]
= Hrφ,
ρ = ρ3, z ∈ (s1, s2).
(B.32)
in which
HcCφ [Mφn; ρ, z; z1, z2; ρ
′; zb, zt; ρi, ρo]
= −
∫ z2
z1
[Mφn(z
′)GcC [ρ, z − 2g4 + g3; ρ′, z′ − 2g4 + g3; 0, t; ρi, ρo] dz′
(B.33)
GcC [ρ, z; ρ
′, z′; 0, t; ρi, ρo]
= − 1
2ρηO ln ρ3
ρ4
[
e−jk
O|z−z′| − Γ2 cos k
O(t− z′)
1 + Γe−j2kOt
e−jk
O(t+z)
+
1− Γe−j2kOz′
1 + Γe−j2kOt
e−jk
O(2t−z−z′)
]
+
kO
2ηO
∞∑
q=1
ρ′ d
dρ
Rq(ρ
′) d
dρ
Rq(ρ)
kzqM
2
q
[
e−jkzq |z−z
′| + e−jkzq (2t−z−z
′)
]
. (B.34)
in which t = g6 − 2g4 + g3,
kzq =

√
(kO)2 − λ2q,
(
kO
)2
> λ2q
−j
√
λ2q − (kO)2,
(
kO
)2
> λ2q
(B.35)
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in which λq are the q
th zeros of Rq(ρo), and
Γ = S11 +
S21S12Γ
I
1− S22ΓI (B.36)
in which S11, S12, S22, and S21 are the scattering parameters for the folded coaxial
guide junction network (2.16)-(2.19).
ΓI = −e−j2kI lI (B.37)
where lI = (g5 − 2g4 + g3) and kI = ω
√
µII . Hrφ is defined as in (2.21). The
admittance matrix entries associated with (B.34) when the unknown magnetic current
Mφ is expanded in uniform piecewise continuous pulses of width ∆ and point matched
at zm are
Ymn = − 1
ρmkOηO ln
b
a
{
j
[
e−jk
O ∆
2 − 1
]
− Γ2 cos k
O(t− zn)
1 + Γe−j2kOt
e−jk
O(t+zm) sin kO
∆
2
+
1− Γe−j2kOzn
1 + Γe−j2kOt
e−jk(2t−zm−zn) sin kO
∆
2
}
− k
η
∞∑
q=1
ρ′ d
dρ
Rq(ρn)
d
dρ
Rq(ρm)
k2zqM
2
q
{[
e−jkzq
∆
2 − 1
]
+ e−jkzq (2t−zm−zn) sin kzq
∆
2
}
,
m = n (B.38)
and
Ymn = − 1
ρmkOηO ln
b
a
{
e−jk
O|zm−zn| − Γ2 cos k
O(t− zn)
1 + Γe−j2kOt
e−jk
O(t+zm)
+
1− Γe−j2kOzn
1 + Γe−j2kOt
e−jk
O(2t−zm−zn)
}
sin kO
∆
2
− k
η
∞∑
q=1
ρ′ d
dρ
Rq(ρn)
d
dρ
Rq(ρm)
k2zqM
2
q
{
e−jkzq |zm−zn| + e−jkzq (2t−zm−zn)
}
sin kzq
∆
2
,
m 6= n. (B.39)
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Series acceleration is not needed to achieve adequate convergence.
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